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This paper presents a detailed model of cluster formation from a supersaturated atomic vapor in an
inert buffer gas. The population balance equations for the cluster size distribution are based on the
Smoluchowski coagulation equation and take into account (i) convective diffusion of clusters, (ii)
cluster loss to walls of an aggregation chamber, and (iii) formation of fractal-like aggregates. The
model predictions are confronted to experimental observations, and they agree with experimental
data on Cu particle formation in NC200-UHV nanocluster source. The model can be used as an aid
in tuning the experimental parameters for attaining a desired nanoparticle size distribution.VC 2012
American Institute of Physics. [http://dx.doi.org/10.1063/1.4731221]
I. INTRODUCTION
At present nanoparticles and nanoclusters attract great
interest in scientific research and industrial applications
including microelectronics, optics, catalysis, medicine, biol-
ogy, etc., owing to their unique size-dependent physical and
chemical properties.1–4 Nanoparticles are produced both by
chemical and physical methods.2 In this paper, we will con-
sider nanocluster production from a supersaturated atomic
vapor in a gas aggregation chamber where atomic vapor
mixes with a stream of inert gas. Clusters grow in the aggre-
gation chamber until the mixture of gas and clusters is trans-
ferred through an aperture into a surrounding vacuum
chamber. By changing experimental parameters particle size,
morphology and composition can be manipulated to produce
materials of desired properties. Nanoparticle growth is
affected by several factors, such as the residence time of
clusters in the aggregation chamber, the temperature inside
the aggregation chamber, and the ratio of the atomic vapor to
the inert gas.
A very important property of the aggregation process is
the particle size distribution (PSD) that affects the properties
of the final product, e.g., a nano-structured material with
broad cluster-size dispersion will exhibit a lower overall
flow stress than a material with the same average cluster size
but with a narrow cluster-size distribution. Consequently, ex-
perimental control over the cluster-size distribution is impor-
tant in designing nano-structured materials. The particle size
distributions can largely vary in time. Computer modeling of
nanocluster formation and evolution is a well suited method
to study and predict effects of operating conditions on PSD.
In particular, Monte Carlo simulations5,6 have provided
useful insights on cluster formation kinetics. However,
Monte Carlo simulations are limited to rather small number
of atoms in clusters because of significant computational
limitations. Real length and time scales of experiments are
presently out of reach of Monte Carlo simulations.
In this paper, we develop a mean-field description of
PSD evolution via cluster coagulation driven by Brownian
motion in the aggregation chamber (Sec. II). Aggregation
phenomena are quite common in nature, e.g., aerosol physics7
and particle synthesis in flames.8,9 Theoretical studies of par-
ticle coagulation are frequently based on the assumption of
instantaneous and complete coalescence of colliding par-
ticles, which results in the formation of spherical particles. In
our experiments, we have observed that nanoclusters often
form dendritic structures that are called in literature “fractal-
like.” These agglomerates can be characterized by a fractal
dimension10 Df < 3. The model developed in Sec. II for the
spherical nanoclusters is further modified to account for the
fractal-like nanoclusters. To this end, we use the concept of
an effective collision cross-section of fractal-like cluster,11,12
which is larger than the collision cross-section of the spheri-
cal cluster of the same mass. The fractal dimension is
assumed to depend on the number of atoms in clusters. The
simulation results are discussed in Sec. III and compared to
experimental data in Sec. IV.
II. MODEL
The model presented is confronted to experiments of
Cu cluster formation in the NC200-UHV nanocluster source
manufactured by Oxford Applied Research. For sake of
clarity, in the following, we will refer to the operating condi-
tions and configuration of this equipment. The aggregation
chamber is shown schematically in Fig. 1. It is similar to a
chemical gas flow reactor. A magnetron sputtering device is
used to feed the supersaturated atomic vapor into the aggre-
gation tube from the left. An inert gas, usually argon, is
injected into the aggregation tube simultaneously with the
atomic vapor of clustering material. Argon flow transports
atoms and clusters along the aggregation region towards an
aperture.
a)Author to whom correspondence should be addressed. Electronic mail:
j.t.m.de.hosson@rug.nl. Tel.: þ31-50-363 4898. Fax: þ31-50-363 4881.
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Our objective is to find the nanoparticle size distribution
as a function of distance along the aggregation tube. This
distribution is defined by densities of clusters of all sizes
CkðxÞ, where k > 1 is the number of atoms in clusters.
Rather than go into the detail of producing Cu vapor, we will
use a plausible shape of the Cu atom source (Fig. 1). The
total flux of Cu atoms from the target was found by meas-
uring mass loss during target sputtering for a given period of
time. Typical parameters of the aggregation process are
listed in Table I.
The rate of Ar flow QAr is related to the mean drift
velocity of Ar gas v in the aggregation zone and the gas effu-
sion velocity through the aperture vout
QAr ¼ pR2vCAr ¼ 1
4
pa2voutCAr; (1)
where R is the tube radius, a is the diameter of the aperture
(Fig. 1), and CAr is the density of Ar gas. It is known that the
gas effusion velocity can be estimated as13
vkin < vout < vhyd; (2)
vkin is the effusion velocity in the kinetic regime when the
mean free path of gas atoms is about or larger than the diam-








where kB is the Boltzmann’s constant, T is the temperature,
and mAr is the atomic mass of Ar. If the aperture diameter is
much larger than the mean free path of molecules, the gas










where c¼ 5/3 is the adiabatic exponent.
Using the ideal gas law, the upper, and lower bound of
Ar pressure PAr inside the aggregation tube can be estimated.
However, in our case, the Ar pressure is measured directly;
therefore, the mean drift velocity of Ar gas in the aggrega-





v  1:1vkin: (6)
We will use this relation later, assuming that the Ar pres-
sure is proportional to the rate of Ar flow QAr. The Ar density
at the parameters indicated in Table I is CAr ¼ 9.7 1021mÿ3.
To describe cluster diffusion and collisions among the
clusters, we use the gas kinetic theory.13,14 The mean colli-
sion free path k of argon atoms is about 0.5mm, namely, it
satisfies inequalities Rk  k R, where Rk is the cluster ra-
dius. Under typical conditions precursor atoms and clusters
form a dilute gas mixture in argon gas Ck  CAr , k  1.
This means that clusters collide more frequently with Ar
atoms; hence, diffusion of each cluster class can be consid-
ered separately as diffusion in a binary mixture. For the dif-
fusion coefficient of clusters of size k, we use a formula for














where mCu is the atomic mass of Cu and rCu;Ar are the atomic
radii of Cu and Ar atoms.
To describe the evolution of PSD, we use a mean-field
approach based on the Smoluchowski coagulation equation15
for the growth of clusters by successive mergers. The model
makes the following assumptions about cluster growth:
• Gas of metal atoms is unstable with respect to cluster
nucleation and coagulation.
• Two colliding spherical clusters coalesce instantaneously
to form a larger cluster, the mass of the resulting particle
being the sum of the masses of the colliding particles.
• Except during collisions, the interactions among clusters
are negligible.
• No fragmentation of colliding clusters occurs.
• No thermal dissolution of clusters by monomer evapora-
tion from the cluster surface.
• Clusters suspended in Ar gas undergo random walks and
drift downstream with the velocity of Ar flow.
The coagulation kinetics is superimposed upon the con-
vective diffusion process. Therefore, the population balance
FIG. 1. Schematic illustration of cluster formation from the atomic vapor.
At x¼ 0, all species are assumed to reach thermal equilibrium through mu-
tual collisions and interactions. Clusters drift along the aggregation tube
with the gas drift velocity; they grow in size via collisions with each other
which result in coalescence. Because of diffusion, Cu atoms and clusters are
lost to wall. At a latter stage, clusters are fractal-like, i.e., clusters are shaped
like dendritic aggregates.
TABLE I. Basic set of parameters used for simulation of cluster formation.
Parameter Value
Length of aggregation chamber, L (mm) 200
Radius of aggregation chamber, R (mm) 50
Aperture diameter, a (mm) 3
Temperature, T (K) 300
Rate of Ar flow, QAr , sccm (s
ÿ1) 16.8 (7.5 1018)
Argon pressure, PAr (Pa) 40
Total flux of Cu atoms sputtered from the target, QCu (s
ÿ1) 7.1 1017
Sticking coefficient for the dimer formation, g11 1.8 103CArr3Ar
Fractal dimension of large clusters, D1f 1.8
Maximum number of atoms in a cluster with Df ðkÞ ¼ 3, k0 1100
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equation (PBE) describing the formation and evolution of
PSD is essentially similar to that used in aerosol science,7
@Ckðr; x; tÞ
@t








wikCi k  2: (8)
Equation for the monomer density is given by
@C1ðr; x; tÞ
@t




The first term in the right hand side of Eq. (8) is the rate
at which clusters of size k are formed by coagulation and the
second term is the rate at which clusters are lost by growth to
larger sizes. The boundary conditions for Eqs. (8) and (9)
correspond to cluster adsorption by the inner walls
Ckjr¼R ¼ 0; Ckjx¼L ¼ 0 k  1; (10)
and a steady feed-in of monomers into the aggregation zone
ðÿDrC1 þ vC1Þjx¼0 ¼ qðrÞ; (11)











2prqðrÞdr ¼ QCu: (12)
In the following, we will be interested in PSD variation
along the axis of the aggregation tube. To find the solution of
Eqs. (8) and (9), we neglect the radial dependence of the gas
flow velocity and approximate it by a plug flow with velocity
given by Eq. (5). With the constant rate of monomer supply
into the aggregation tube, the system reaches a steady state
@Ck=@t ¼ 0. Further simplification is achieved by replacing

















Finally, the set of equations for PSD is reduced to
@C1
@s















C1jx¼0 ¼ C0axis; (16)
Ckjx¼0 ¼ 0 k  2: (17)
Here, we introduced the “stream-time” s ¼ x=v  smax, smax
¼ L=v 2 s is the residence time of Cu clusters in the aggre-
gation tube. The starting value for monomer density C0axis is
estimated from the solution of diffusion equation for mono-
mer without coagulation (see Appendix A).
A. Coagulation kernel
Assuming thermal velocities for all the k-mers, the colli-
sion frequency function or the coagulation kernel of spheri-
cal clusters is given by7














is the radius of the cluster containing i
atoms. We introduced into Eq. (18) the sticking coefficient
gij because not all collisions result in cluster coalescence.
This is especially true for the formation of dimers and small
clusters. As early as 1898, Boltzmann postulated that atom-
atom recombination involves three body collisions because
of energy and momentum conservation.16 The dimer forms
in a two-step process (energy transfer mechanism).17 Two
colliding atoms may form a metastable excited Cu2 orbiting
complex
Cuþ Cu() Cu2: (19)
The collision complex can be stabilized, if the third atom (Ar
or Cu) collides within the lifetime of the complex and carries
away the excess internal energy of the dimer. In our case, the
third atom is an Ar atom, since CAr  CCu,
Cu2 þ Ar ) Cu2 þ Ar: (20)
Derivation of the sticking coefficient for dimer formation is
presented in Appendix B.
While clusters grow, they are heated by the binding
energy delivered by aggregating atoms and clusters, i.e., by
the latent heat of condensation.5 The excess energy is dissi-
pated by inelastic collisions with the inert buffer gas. In addi-
tion, at low temperatures, the excess energy is spent to
atomic rearrangements leading to the spherical shape of
small clusters. This means that the sticking coefficient gij
tends to a value close to unity as one of indices (i or j)
increases, i.e., all cluster collisions result in coagulation.
In the following, we assume that the sticking coefficients gij
¼ 1 for iþ j > 4. To ensure a smooth transition to gij ¼ 1,
the following values of the sticking coefficients are taken for
cluster sizes satisfying inequalities 2 < iþ j  4:
g12 ¼ 102g11; g13 ¼ g22 ¼ 104g11: (21)
The coefficients given by Eq. (21) are somewhat arbitrary;
they are selected to fit our experimental data. However, we
have found that essentially the same results for PSD evolu-
tion can be obtained with more sophisticated parametriza-
tions. Modeling shows that the PSD evolution is the most
sensitive to variation of sticking coefficients for clusters with
sizes in the range 2  iþ j  4.
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When clusters become sufficiently large, the condensa-
tion energy is not enough for complete coalescence or sinter-
ing of clusters. If the time of thermal sintering of colliding
clusters is longer than the mean time between successive col-
lisions, the aggregates grow dendrite- or fractal-shaped and
their morphology can only be characterized at the statistical
level by the fractal dimension Df . This means that the coagu-
lation kernel for spherical clusters, Eq. (18), is no longer
valid for large clusters.
In three dimensional, space diffusion-limited cluster
aggregation leads to fractal aggregates with a typical
value7,18,19 of Df  1.8. The behavior of fractal-like aggre-
gates, and spherical particles of the same mass is different.
The fractal-like structure significantly affects the frequency
of collisions and the rate of coagulation. Following Refs. 7,
11, and 12, we will describe collisions between fractal-like
particles as collisions of spherical particles each having an
effective collision radius. Models for particle coagulation that
we found in the literature assume that there is a unique value
of the fractal dimension for all aggregates in the ensemble.
However, in real coagulation processes, a wide variety of par-
ticle structures are produced. Considering coagulation
kinetics of fractal-like particles, we assume that the cluster
fractal dimension Df ðkÞ depends on number of atoms k in a
cluster. This allows us to describe the whole spectrum of
cluster sizes starting from dimers. We assume that small clus-






is the number of atoms (see Table I). Larger clusters grow in
the form of fractal-like aggregates. As the clusters drift with
the Ar flow to the aperture, a fraction of small spherical clus-
ters migrate to wall. The remaining clusters collide with each
other to form fractal-like aggregates. In our model, we define
the collision radius of clusters Rc as





To test the model, for the fractal dimension Df ðkÞ, we choose
a simple decreasing function of cluster size k (Fig. 2),
Df ðkÞ ¼
3 at k  k0;








where D1f ¼ limk!1 Df ðkÞ is the fractal dimension of the
largest clusters in the system.
The size dependence of the collision radius is shown in
Fig. 2. The collision radius of a small spherical cluster
(k  k0) coincides with its radius. The collision radius of
fractal-like cluster (k > k0) is larger than the radius of the
spherical cluster with the same number of atoms. Instead of
Eq. (18), we will use the modified coagulation kernel that is













B. Cluster diffusion coefficient
In the following, we will use the cluster diffusion coeffi-
cient in the form of Eq. (7), assuming that the diffusion of
agglomerate is equal to the diffusion of a sphere with equiva-
lent volume. For small clusters, their diffusion transport in
the buffer gas has similarities to molecular transport. As the
size of the nanoparticle increases, momentum exchange with
the gas atoms and nanoparticle inertia are different, extend-
ing into the regime where corrections to the gas model can
be used.20 Transport properties of fractal-like particles in
gases differ to that of spheres, i.e., nanoparticle morphology
has to be taken into account in addition to their size.19,20 The
diffusion coefficient of fractal-like clusters can be roughly
estimated by assuming that Ar atoms collide with the sphere

















In Fig. 3, the solid line shows the diffusion coefficient given
by Eq. (7). This equation overestimates the mobility of
fractal-like clusters. The dash-dotted line corresponds to Eq.
(25). This diffusion coefficient strongly underestimates diffu-
sion mobility of large fractal-like clusters with k k0. The
reason is that agglomerates with fractal dimensions smaller
than 3 have an open structure which is transparent to atoms
FIG. 2. The size dependence of the cluster fractal dimension (a) and colli-
sion radius (b). The solid line refers to fractal-like cluster. The dashed line
shows the radius of the spherical cluster with the same number of atoms.
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from the surrounding Ar gas. In other words, when the size
disparity between colliding particles (Ar atom versus cluster)
is large the sum of collision radii overestimates the number
of collisions.21
We have made simulations of cluster evolution with both
coefficients, Eqs. (7) and (25). The results are about the same.
The difference between distribution functions is in a few per-
cent range. The reason is that for large clusters diffusion
migration to macroscopic distances (to walls) takes time
R2=Dk which is greater than the residence time of clusters in
the aggregation tube even when we use the diffusion coeffi-
cient of spherical clusters, R2=Dk > 10s > smax at k > 10
4.
The main mechanism that controls the evolution of size distri-
bution of large clusters is the coagulation of colliding clusters.
C. Numerical method
Because of nonlinearity and complexity, the set of equa-
tions for PSD [Eqs. (14)–(17)] can be solved only numeri-
cally. However, this problem is impossible to solve directly,
even numerically, since the number of coupled equations
amounts to the number of atoms in the largest cluster present
in the system, i.e., requirements to computer resources
increase enormously with the cluster size. This difficulty is
common in the description of evolution of cluster popula-
tions. The general solution strategy for the set of equations
for PSD is to reduce it to a numerical scheme with a con-
trolled number of equations. Existing numerical methods are
reviewed in Refs. 22–25.
In our study, to decrease drastically the number of equa-
tions, we propose a new approach that is rather simple and
straightforward methodologically as compared to methods
described in the literature. First, we notice that the set of or-
dinary differential equations (ODEs) given by Eq. (15) is the
discretized version of the integro-differential equation for











Indeed, Eq. (15) is recovered by replacing integration with
the trapezoidal summation on the discrete size mesh zk ¼ k,
k ¼ 0; 1; 2; ::: with additional constrains Cð0Þ ¼ 0 and
Cð1Þ ¼ C1. The size variable and coagulation kernel are
changed correspondingly as
k() zk; Ck () CðzkÞ; wij () Wðzi; zjÞ:
Therefore, instead of Eq. (15), we will solve the equivalent
integro-differential equation (26). In the next step, we trans-
form this equation into a new set of ODE for discrete cluster
sizes on a coarse mesh with the increasing mesh spacing. For
our purposes, the following relations for mesh points zk and
mesh spacings Dzk are used:
26
z1 ¼ 1;
zk ¼ zkÿ1 þ Dzk 2  k  K;
Dzk ¼
1 at 2  k  N;
Dxkÿ1 expðeÞ atN < k  K;
 (27)
where K is sufficiently large so that the boundary condition
CðzKÞ ¼ 0 is fulfilled to a good accuracy. The variation of
mesh spacing is controlled by the parameter e that should
be positive and small, 0 < e 1. The spacing between
mesh points increases exponentially with point number
k > N, Dzk ¼ exp½eðk ÿ NÞ. Therefore, due to coarse-
graining of the numerical mesh, the number of equations
can be reduced substantially (typically by a factor of
103–104) as compared to the initial set of discrete equa-
tions. The number of equations is controlled by the param-
eters e.
For the integration, we use the trapezoidal summation
rule for unequally spaced abscissae. The integral in the third







where Dui ¼ 0:5ðDzi þ Dziþ1Þ.
For the cluster densities Ck ¼ CðzkÞ in the equidistant
mesh points zk ¼ k  N, the convolution integral given by
the second term in the right-hand-side of Eq. (26) is eval-
uated using the original equation (15) for discrete cluster
sizes. For cluster density in mesh points zk > N, the convolu-
tion integral is estimated as follows:
ðzk=2
0




Wðzk ÿ zi; ziÞCðzk ÿ ziÞCðziÞDui þ Rk; (29)
where k2 is the index of the mesh point that satisfies the con-
dition zk2  zk=2 < zk2þ1.
The remainder term Rk is given by
Rk ¼ 1
2














where Fm ¼ Wðzk ÿ zm; zmÞCðzk ÿ zmÞCðzmÞ, m ¼ k2; k2 þ 1.
FIG. 3. Diffusion coefficients of spherical clusters (dashed line, Eq. (7)) and
fractal-like clusters (solid line, Eq. (25)).
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To evaluate Wðzk ÿ zi; ziÞ and Cðzk ÿ ziÞ in Eqs. (29)
and (30), the linear interpolation between two neighboring
mesh points is used.
The initial value problem for the set of ODE obtained
by the procedure described above can be solved by a stand-
ard numerical package for stiff ODE sets. Stiffness is the
generic feature of this type of evolution equations; it is
related to the fact that densities of monomers and small clus-
ters change very fast as compared to slow changes in den-
sities of large clusters. We use the RADAU code that has been
developed for stiff and differential-algebraic problems.27
This code is based on the implicit Runge-Kutta method of
variable order with an adaptive time-step control.
Direct comparison of the calculated PSDs and their
moments to available analytical solutions of coagulation
equations with simple kernels, wij ¼ const, wij ¼ iþ j,
and wij ¼ ij, confirmed a very good performance of the
numerical method described above. The detailed description
of the numerical method will be presented elsewhere.
III. RESULTS OF MODELING
The coagulation equations (14)–(17) were solved by the
method described above using parameters listed in Table I.
The initial density of Cu atomic vapor was found from the
diffusion equation without coagulation; C0axis ¼ Cjr¼0;x¼0
¼7.83 1019mÿ3. The initial set of equations given by Eqs.
(14) and (15) consists of about 4.5 107 equations, which
corresponds to the maximum radius of the spherical clusters
of 50 nm. Using mesh parameters N ¼ 100 and e ¼ 0:02, this
set is transformed into a set of 785 equations on the coarse
mesh described by Eq. (27). On a standard PC with CPU Intel
2.4GHz, the solution time amounts to about 1.5min.
First, we present modeling results obtained with the
coagulation kernel equation (18) for spherical clusters.
Figure 4 shows the dependences of cluster densities as a
function of position in the aggregation tube. It is seen that
the densities of monomers and small-sized clusters decrease
very fast because of diffusion to walls. Larger clusters appear
after some delay, as a result of collisions and aggregations
while drifting to the aperture. When atoms begin to con-
dense, the cluster growth first proceeds by successive addi-
tion of monomers and small clusters (dimers, trimers, etc.),
and when the supply of these decreases, coalescence of
larger clusters increasingly contributes to PSD evolution.
Figure 5 shows the nanocluster size distributions at vari-
ous positions in the aggregation tube. The size distribution










FIG. 4. Dependence of cluster densities along the aggregation tube. The
coagulation kernel equation (18) for spherical clusters was used in the calcu-
lations. Solid lines labeled with 1, 2, and 3 refer to monomers, dimers, and
trimers, respectively.
FIG. 5. Cluster size distributions in
terms of number of atoms in clusters Ck
(left) and cluster radii FðrÞ (right) at var-
ious positions in the aggregation tube.
The top and bottom rows of figures were
calculated at Ar pressures 40 Pa and
80 Pa, respectively. It was assumed that
the Ar pressure is proportional to the rate
of Ar flow QAr . The coagulation kernel
equation (18) for spherical clusters was
used in the calculations.
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The arrow in the right figures indicates a shift of the distribu-
tion maximum to larger sizes. Note that increase in Ar pres-
sure enhances the coagulation, i.e., the distribution becomes
broader. The reason is that the cluster diffusivity decreases
(see Eq. (7)), hence the cluster loss to wall reduces.
To demonstrate the dependence of cluster deposition
onto the walls on cluster size, we have performed an experi-
ment. A stripe of stainless steel was placed inside the aggre-
gation tube along the cylindrical wall. After several
minutes, the sputtered copper deposited to the stripe. The
part of stripe which was close to the magnetron exhibited a
typical red color of polished copper indicating that copper
atoms and small clusters deposited to this part. The mid-
portion of the stripe was black because of cluster deposi-
tion. The part of stripe near the aperture did not change its
color, i.e., a very small number of clusters deposited here.
We interpret it as a consequence of slow diffusion of large
clusters.
The influence of cluster morphology on PSD evolution
was modeled with coagulation kernel equation (24) (Fig. 6).
The distribution of fractal-like particles is very broad as
compared to the distribution of spherical clusters. The mean
FIG. 6. The nanocluster size distribution calculated with the “spherical”
coagulation kernel equation (18) (a) and with the “fractal” coagulation ker-
nel equation (22) (b). Other parameters are the same for both figures.
FIG. 7. Mean number of atoms in spherical and fractal-like clusters. The
dashed line corresponds to modeling with the “spherical” coagulation kernel
equation (18). The solid line is modeled with the “fractal” coagulation kernel
Eq. (22).
FIG. 8. TEM pictures of Cu clusters collected inside the aggregation tube
close to its axis in 15 s deposition time.
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number of atoms in fractal-like particles is substantially
greater than in spherical particles grown under the same con-
ditions, calculated with the “spherical” coagulation kernel
equation (18) (Fig. 7).
IV. COMPARISION WITH EXPERIMENTS
To collect formed clusters, TEM grids were placed
inside the aggregation tube, close to its axis at distances 80,
120, and 170mm from the Cu target. Figure 8 shows the
TEM images of Cu clusters collected during deposition time
of 15 s. At the distance of 80mm from the Cu target, the den-
sity of deposited clusters is high and the contrast from indi-
vidual clusters overlap. However, it appears that the shape of
clusters is compact and close to spherical. Near the end of
aggregation chamber (170mm from the Cu target), the clus-
ters are undoubtedly dendrite-like with maximum sizes in
the range of 50 nm.
The area density of deposited cluster NS were recalcu-





NS ¼ NVvt: (32)
Figure 9 compares the experimental data with the model cal-
culations. To obtain a good agreement, two parameters, k0
and D1f , were adjusted. It is noteworthy that D
1
f ¼ 1.8 is
close to the value observed during diffusion limited cluster
aggregation.7,18,19
To find the cluster PSD F
exp
V ðnÞ, the surface distribution
FSðAÞ over the cluster projected area A was measured. Then
we used the formula18 that relates the cluster projected area
A and the number of atoms n in a cluster






where ka and aa are the fitting parameters (notation of
Ref. 18). The cluster size distribution F
exp









Comparison between experimental and model distributions
is presented in Fig. 10. For appropriately chosen parameters,
a good agreement can be achieved between the experimental
data and predictions of the proposed method.
V. CONCLUSIONS
(1) A new model of cluster formation from a supersaturated
atomic vapor in an inert gas flow has been formulated.
We show that the following concurrent processes govern
the evolution of nanocluster size distribution:
• convective diffusion of clusters,
• cluster loss to walls of an aggregation chamber,
• the Smoluchowski coagulation,
FIG. 9. The volume density of fractal-like Cu nanoparticles as a function of
distance from the Cu target. Experimental data are shown by open symbols.
FIG. 10. The size distribution of nanoclusters at distances 80, 120, and
170mm from the Cu target. Symbols correspond to experimental distribu-
tions F
exp
V ðnÞ reconstructed from surface distributions FSðAÞ using Eqs. (33)
and (34). Fitting parameters ka ¼ 3 and aa ¼ 1.4 (see Eq. (33)). The solid
line shows results of modeling.
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• formation of fractal-like aggregates.
(2) An efficient and adequate numerical technique for
solving population balance equation involving aggre-
gation has been developed. Other particulate processes
such as particle fragmentation, growth, and nucleation
can be easily included in the numerical technique
proposed.
(3) The model predictions consist well with the experimental
data on the particle size distribution of Cu nanoparticle
formed in NC200-UHV nanocluster source. In this instal-
lation, the cluster size distribution can be controlled by
adjusting the power supplied to the magnetron (i.e., the
sputtering rate of precursor), the exit aperture size, the
type and flow rate of inert gases, temperature and pres-
sure in the aggregation tube, and distance between the
atomic vapor source and the aperture. These control pa-
rameters can be tuned in the model making it a useful aid
for future experiments so as to control the width and
character of the size-distribution.
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APPENDIX A: SOLUTION TO DIFFUSION EQUATION
WITHOUT COAGULATION
Consider the steady-state convective diffusion of Cu






Here, we are going to find a recipe how to reduce 3D diffu-
sion problem to a 1D diffusion problem, so for a moment we
neglect monomer absorption by Cu clusters. Equation (A1)
satisfies boundary conditions of Eqs. (10)–(12). For simplic-
ity, we do not take into account the influence of aperture on












where Jnð::Þ is the Bessel function of the order n of the first
kind; bi¼ 2.2048, 5.5201, 8.6537,… are the positive roots of
J0ðbiÞ ¼ 0. The longitudinal dependence of the density is
described by functions
GiðxÞ ¼ exp v
2D
x
  sinh½ciðLÿ xÞ












For the parabolic source of Cu atoms sputtered from the
target, Eq. (12), the solution is given by







For a long cylinder L > R, the function GiðxÞ transforms into
a simple expression describing the exponential decay of den-































Taking into account only the first term of the sum in Eq. (A4),
we approximate the density change along the aggregation
tube axis by the expression











































Comparison of this equation with Eq. (A1) shows that the
diffusion operator can be replaced with multiplication by a
constant, i.e.,
DDC) ÿvlðDÞC: (A10)
We use a relation (A10) for clusters of all size classes.
Figure 11 compares the exact and approximate solutions
to the convective-diffusion equation (A1). It is seen that
at D ¼ D1 approximate solutions well describe the depend-
ence of monomer density on distance. According to estima-
tions, for monomers and small cluster, the Peclet numbers
Pek ¼ vR=Dk are small (Pe1¼ 0.1 and Pe70 ¼ 1.1), i.e., the
diffusion transport dominates the convective one; and the
length scale for density change is R=b1. This means that due
to high diffusion mobility monomers and small cluster are
deposited to walls.
For large clusters, the convective transport dominates,
Pek  1; and some of these clusters can escape the aggrega-
tion tube through the aperture to deposit on a sample
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substrate. Figure 11 shows that replacement (A10) works
well for large clusters except close proximity of x ¼ L,
where we set the boundary condition Cjx¼L ¼ 0.
APPENDIX B: FORMATION RATE OF STABLE CU
DIMER










In this equation, only the most probable processes are taken
into account (collisions with monomers and other clusters
are rare). Stable dimers form in collisions with Ar atoms
dC2
dt
¼ aArCArC2 þ ð:::::Þ; (B2)
where ð:::::Þ denotes slow processes (cluster loss to coagula-
tion and diffusion). To derive the rate coefficient a and aAr
we follow closely Refs. 5 and 17. It was assumed that the Cu
atoms interact via the Lennard-Jones potential,5







with the parameters e¼ 2.03 eV and r¼ 0.198 nm. The cross-
section for orbiting complex formation is given by
Rorb ¼ 3pr2ðe=ErelÞ1=3; (B4)
where Erel is the relative kinetic energy of two Cu atoms.
Therefore, the rate constant for the metastable complex for-







The rate constant aAr for collision between an Ar atom and























It is reasonable to assume that formation and decay of meta-
















1 þ ð:::::Þ; (B9)
where adimer is the rate constant,
adimer ¼ a
aArCArsd
1þ aArCArsd : (B10)
In our case, aArCArs  10ÿ6. Therefore, the sticking coeffi-
cient of dimer formation is given by
























At T¼ 300K, PAr ¼ 40 Pa (Table I) and Erel ¼ 3kBT, the
sticking coefficient is estimated as
g11 ¼ 1:8 103CArr3Ar  1:55 10ÿ5: (B12)
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